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AN ISOMORPHISM BETWEEN MODULI SPACES OF
ABELIAN VARIETIES
CHRISTINA BIRKENHAKE AND HERBERT LANGE
Abstract. In a previous paper we showed that for every polar-
ization on an abelian variety there is a dual polarization on the
dual abelian variety. In this note we extend this notion of duality
to families of polarized abelian varieties. As a main consequence
we obtain an involution on the set of moduli spaces of polarized
abelian varieties of dimension g. In particular, the moduli spaces
A(d1,...,dg) and A(d1,
d1dg
dg−1
,...,
d1dg
d2
,dg)
are canonically isomorphic.
1. Introduction
Let k be an algebraically closed field and (d1, . . . , dg) a vector of pos-
itive integers such that di|di+1 for all i = 1, . . . , g − 1 and char k 6 | dg.
Then the coarse moduli space A(d1,...,dg) of polarized abelian varieties
of type (d1, . . . , dg) over k exists and is a quasi-projective variety of di-
mension 1
2
g(g+1) over k. The main result of this paper is the following
theorem.
Theorem 1.1. There is a canonical isomorphism of coarse moduli
spaces
A(d1,...,dg)
∼
−→ A
(d1,
d1dg
dg−1
,...,
d1dg
d2
,dg)
.
For the proof we show that there is a canonical isomorphism of the
corresponding moduli functors. Namely, for every polarized projective
abelian scheme (A −→ S, λ) we define a dual abelian scheme (Aˆ −→
S, λδ). Here Aˆ −→ S is the usual dual abelian scheme and λδ is a
polarization on Aˆ/S with the property (λδ)δ = λ. Hence it makes
sense to call λδ the dual polarization of Aˆ/S.
There are several possibilities to define the polarization λδ. In sec-
tion 2 we define a polarization λD by inverting the isogeny λ : A −→ Aˆ.
If λ is given by a line bundle L we define in section 4, using Mukai’s
Fourier functor, a relatively ample line bundle Lˆ on Aˆ inducing a po-
larization φ
Lˆ
of Aˆ. Both polarizations are defined even in the non
separable case. We show that they are multiples of each other. If λ
is a separable polarization of type (d1, . . . , dg), then λ
δ = d1λ
D, and if
2000 Mathematics Subject Classification. Primary: 14K10; Secondary: 14K05.
Key words and phrases. moduli scheme, dual abelian space.
Supported by DFG Contracts Ba 423/8-1 and HU 337/5-1.
1
2 CHRISTINA BIRKENHAKE AND HERBERT LANGE
moreover λ = φL with a relatively ample line bundle L on A/S, then
φ
Lˆ
= d1 · · · dg−1φ
D
L = d2 · · · dg−1λ
δ.
2. The Dual Polarization λδ
Let π : A −→ S be an abelian scheme over a connected Noetherian
scheme S. Grothendieck showed in [G] that if A/S is projective, the
relative Picard functor Pic0A/S is represented by a projective abelian
scheme πˆ : Aˆ −→ S, called the dual abelian scheme. According to a
theorem of Cartier and Nishi there is a canonical isomorphism A
∼
−→
ˆˆ
A
over S. We always identify A with its bidual
ˆˆ
A.
For any a ∈ A(S) let ta : A −→ A denote the translation by a over S.
Any line bundle L on A defines a homomorphism
φL : A −→ Aˆ
over S characterized by φL(a) := t
∗
aL⊗L
−1 for all a ∈ A(S). The bidu-
ality implies that φL is symmetric: φˆL = φL. Clearly φL⊗pi∗M = φL for
any line bundle M on S. Moreover φL is an isogeny if L is relatively
ample.
A polarization of π : A −→ S is a homomorphism λ : A −→ Aˆ
over S such that for every geometric point s of S the induced map
λs : As −→ Aˆs is of the form λs = φL for some ample line bundle L of
As. (Here Aˆs := (Aˆ)s = (As)ˆ )
Obviously for any relatively ample line bundle L on A/S the homo-
morphism φL is a polarization. Conversely not every polarization of
A is of the form φL. However, if λ : A −→ Aˆ is a polarization, then
2λ = φL for some relatively ample line bundle L on A/S (see [M1]
Prop 6.10, p.121).
Let λ : A −→ Aˆ be a polarization of A. Its kernel K(λ) is a com-
mutative group scheme, finite and flat over S. According to a Lemma
of Deligne (see [OT] p. 4) there is a positive integer n such that K(λ)
is contained in the kernel An := ker{nA : A −→ A} where nA denotes
multiplication by n. The exponent e = e(λ) of the polarization λ is by
definition the smallest such positive integer.
Theorem 2.1. There is a polarization λD : Aˆ −→
ˆˆ
A = A of Aˆ,
uniquely determined by λ, such that λD ◦ λ = eA and λ ◦ λ
D = eAˆ.
Proof. Since K(λ) ⊂ Ae by definition of the exponent, there is a
uniquely determined homomorphism λD : Aˆ −→ A such that λD ◦ λ =
eA. Hence
(λ ◦ λD) ◦ λ = λ ◦ (λD ◦ λ) = λ ◦ eA = eAˆ ◦ λ.
MODULI SPACES OF ABELIAN VARIETIES 3
So λ ◦ λD = eAˆ, the homomorphism λ being surjective. It remains to
show that λD is a polarization. For this suppose s is a geometric point
of S. So As and Aˆs are abelian varieties over an algebraically closed
field. It is well known that a homomorphism ϕ : Aˆs −→
ˆˆ
As = As is of
the form φM for someM ∈ Pic(Aˆs) if and only if ϕ is symmetric: ϕˆ = ϕ.
So using λˆs = λs and dualizing equation λ
D
s ◦ λs = eAs give λs ◦ λˆ
D
s =
λˆs◦λˆDs = eAˆs Comparing this with the equation λs◦λ
D
s = eAˆs and using
the fact that λs and eAˆs are isogenies, implies λˆ
D
s = λ
D
s . Hence there is
a line bundleM on Aˆs such that λ
D
s = φM , and it remains to show that
M is ample. For this note that φλ∗sM = λˆs◦φM ◦λs = λs◦λ
D
s ◦λs = eλs.
Now eλs being a polarization implies that λ
∗
sM , and thus also M is
ample. 
A polarization λ : A −→ Aˆ is called separable if for every geometric
point s : Spec(k) −→ S the characteristic of k does not divide the
exponent e(λs) of λs. In this case
K(λs) = ker(λs) ≃ (Z/d1Z× · · ·Z/dgZ)
2
with positive integers d1, . . . , dg such that di|di+1 and dg = e(λs) (see
[M2] p. 294). Since the base scheme S is connected and K(λ) is
an algebraic group scheme over S with K(λ)s = K(λs) the integers
d1, . . . , dg do not depend on s. The vector (d1, . . . , dg) is called the type
of the polarization λ.
Proposition 2.2. Suppose λ is a separable polarization of the abelian
scheme A/S of type (d1, . . . , dg). Then the polarization λ
D of Aˆ/S is
separable of type (1, dg
dg−1
, . . . , dg
d1
).
Proof. Let s be a geometric point of S. Equation λDs ◦ λs = e(λs)As
implies that the exponent e(λDs ) of λ
D
s divides e(λs) = dg, hence λ
D is
separable. Moreover
K(λDs ) =ker(λ
D
s ) = ker(e(λs)As)/ker(λs)
≃(Z/dgZ)
2g/(Z/d1Z× · · · × Z/dgZ)
2
≃(Z/ dg
dg−1
Z× · · · × Z/dg
d1
Z)2.

If λ is a separable polarization of type (d1, . . . , dg), then Proposition
2.2 implies that (λD)D is of type (1, d2
d1
, . . . , dg
d1
) and hence does not
coincide with λ if d1 6= 1. However for
λδ := d1λ
D
we have
Proposition 2.3. (λδ)δ = λ
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Proof. By definition λδ is of type (d1,
d1dg
dg−1
, . . . , d1dg
d2
, dg). So both λ
and λδ have exponent dg. Applying Theorem 2.1 to λ and λ
δ we get
λδ ◦λ = d1(λ
D ◦λ) = (d1dg)A = d1(λ
δ ◦(λδ)D) = λδ ◦(λδ)δ. This implies
the assertion. 
3. Applications to Moduli Spaces
Let k be an algebraically closed field and S the category of schemes of
finite type over k. Fix a vector (d1, . . . , dg) of positive integers such that
di|di+1 and char k 6 | dg. Consider the functor A(d1,...,dg) : S → {sets}
defined by
S 7→ {isomorphism classes of pairs (A→ S, λ)}
where A → S is a projective abelian scheme of relative dimension g
over S, and λ : A→ Aˆ is a polarization of type (d1, . . . , dg). Note that
any such polarization λ of A is separable by the assumption on the
characteristic k of S.
Recall that a coarse moduli scheme for the functor A(d1,...,dg) is a
scheme A(d1,...,dg) of finite type over k admitting a morphism of functors
α : A(d1,...,dg)( · )→ Hom( · ,A(d1,...,dg))
such that
(1) α(Spec k) : A(d1,...,dg)(Spec k) → Hom(Spec k,A(d1,...,dg)) is a
bijection, and
(2) for any morphism of functors β : A(d1,...,dg)( · ) → Hom( · , B)
there is a morphism of schemes f : A(d1,...,dg) → B such that
β = Hom( · , f) ◦ α.
It is well known that a uniquely determined coarse moduli scheme
A(d1,...,dg) exists (see [M1]). Moreover it is clear from the definition that
an isomorphism of functors induces an isomorphism of the correspond-
ing coarse moduli schemes. This will be used to prove the following
Theorem 3.1. There is a canonical isomorphism of coarse moduli
schemes
A(d1,...,dg) −→ A(d1, d1dgdg−1 ,...,
d1dg
d2
,dg)
.
Proof. By what we have said above it suffices to show that there is a
canonical isomorphism of functors A(d1,...,dg) → A(d1, d1dgdg−1 ,...,
d1dg
d2
,dg)
. But
for any S ∈ S the canonical map A(d1,...,dg)(S)→ A(d1, d1dgdg−1 ,...,
d1dg
d2
,dg)
(S),
defined by
(A→ S, λ) 7→ (Aˆ→ S, λδ)
has an inverse, since
ˆˆ
A = A by the biduality theorem and (λδ)δ = λ
by Proposition 2.3. Moreover this is an isomorphism of functors, since
(λT )
δ = (λδ)T for any morphism T → S in S. 
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4. The Dual Polarization via The Fourier Transform
In Section 2 we defined for every polarization λ of a projective abelian
scheme A/S a polarization λD of the dual abelian scheme Aˆ/S. Now
suppose λ = φL for a relatively ample line bundle L on A/S. In this
section we apply Mukai’s Fourier transform to define a relatively ample
line bundle Lˆ on Aˆ/S which induces a multiple of λD.
Let π : A −→ S be a projective abelian scheme over a connected
Noetherian scheme S of relative dimension g. Let P = PA denote
the normalized Poincare´ bundle on A×S Aˆ/S. Here normalized means
that both (ǫ× 1Aˆ)
∗P and (1A× ǫˆ)
∗P are trivial, where ǫ : S −→ A and
ǫˆ : S −→ Aˆ are the zero sections. Denote by p1 and p2 the projections
of A ×S Aˆ. A coherent sheaf M on A is called WIT-sheaf of index i
on A if Rjp2∗(P ⊗ p
∗
1M) = 0 for j 6= i. In this case
F (M) := Rip2∗(P ⊗ p
∗
1M)
is called the Fourier transform of M. Let L be a relatively ample line
bundle on A/S. The scheme S being connected, the degree d := h0(Ls)
is constant for all geometric points s of S, it is called the degree of L.
By the base change theorem L is a WIT-sheaf of index 0 and its Fourier
transform F (L) is a vector bundle of rank d. Define
Lˆ :=
(
detF (L)
)−1
.
Let e = e(φL) be the exponent of the polarization φL. The main result
of this section is the following
Theorem 4.1. Lˆ is a relatively ample line bundle on Aˆ/S such that
eφ
Lˆ
= dφDL .
If φL is a separable polarization of type (d1, . . . , dg) then e = dg and
d = d1 · . . . · dg. So φLˆ is a multiple of φ
D
L :
φ
Lˆ
= d1 · . . . · dg−1φ
D
L .
In the non separable case e|d2 by Deligne’s Lemma but it is not clear
to us whether e|d.
For the proof we need some preliminaries.
Lemma 4.2. Let ϕ : A −→ B be an isogeny of abelian schemes and
M a WIT-sheaf on A, then ϕ∗M is a WIT-sheaf of the same index on
B and
FB(ϕ∗M) = ϕˆ
∗FA(M).
Here FA and FB denote the Fourier transforms of A and B respectively.
The proof is the same as in the absolute case (see [Mu1] (3.4)).
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Lemma 4.3. Let M be a WIT-sheaf of index i on A and F a locally
free sheaf on S. Then π∗F ⊗M is a WIT-sheaf of index i on A and
F (π∗F ⊗M) = πˆ∗F ⊗ F (M).
Proof. Using π ◦ p1 = πˆ ◦ p2 and the projection formula we get
Rjp2∗(P ⊗ p
∗
1π
∗F ⊗ p∗1M) =R
jp2∗(p
∗
2πˆ
∗F ⊗ P ⊗ p∗1M)
=πˆ∗F ⊗ Rjp2∗(P ⊗ p
∗
1M)
=
{
πˆ∗F ⊗ F (M) if j = i
0 otherwise.
This implies the assertion. 
Proposition 4.4. Let L be a relatively ample line bundle on A/S.
Then L−1 is a WIT-sheaf of index g satisfying φ∗LF (L) = π
∗π∗L⊗L
−1.
Proof. The first assertion follows from Serre duality. Denote by q1, q2 :
A×S A→ A the projections. Then
π∗π∗L ⊗ L
−1 = q2∗(q2 − q1)
∗L ⊗ L−1(
(using flat base change with π ◦ q2 = π ◦ (q2 − q1)
)
= q2∗
(
(q2 − q1)
∗L ⊗ q∗2L
−1
)
= q2∗
(
((−1)A × φL)
∗P ⊗ q∗1(−1)
∗
AL
)
(
applying the formula ((−1)A×φL)
∗P = (q2−q1)
∗L⊗q∗1(−1)
∗
AL
−1⊗
q∗2L
−1
)
= q2∗
(
(−1)A × φL)
∗(P ⊗ p∗1L)
)
= φ∗Lp2∗(P ⊗ p
∗
1L) (by flat base change)
= φ∗LF (L).

of Theorem 4.1. By Proposition 4.4 we have
φ∗L(Lˆ) =
(
detφ∗LF (L)
)−1
=
(
det(π∗π∗L⊗L
−1)
)−1
= π∗(det π∗L)
−1⊗Ld,
since π∗π∗L is a vector bundle of rank d. This implies that Lˆ is rela-
tively ample. Moreover
φL ◦ φLˆ ◦ φL = φφ∗
L
Lˆ
= φpi∗(det pi∗L)−1⊗Ld = φLd = dφL
implies that
φ
Lˆ
◦ φL = dA and φL ◦ φLˆ = dAˆ.
Comparing this with Theorem 2.1 gives the assertion. 
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